We consider the entropy of higher spin black holes in 2+1 dimensions using the conical singularity approach. By introducing a conical singularity along a non contractible cycle and carefully evaluating its contribution to the Chern Simons action, we derive a simple expression for the entropy of a general stationary higher spin black hole. The resulting formula is shown to satisfy the first law of thermodynamics, and yields agreement with previous results based on integrating the first law. 
Contents 1 Introduction
Higher spin gravity theories in anti de Sitter space [1, 2] have played an important role in exploring new versions of holography, e.g. [3, 4, 5, 6, 7, 8, 9, 10, 11] . The theories themselves are interesting because they are expected to be toy models of string theory in large curvature spacetimes. In 2+1 dimensions, higher spin fields are topological, as is the gravitational field, and so we can formulate the theory in terms of Chern Simons theory [12, 13, 14] .
Recently, black holes with higher spin charges in 2+1 dimensional higher spin theories have been extensively studied [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 27, 34, 26, 28] , and it turned out [16] that they do not have event horizons in general since the metric in higher spin theories is gauge dependent. Nevertheless, there does exist a gauge invariant notion of the regularity of the (Euclidean) configuration, and one can assign thermodynamic properties to the black holes [15] . In [15] the black hole entropy is derived by demanding it satisfy the first law of thermodynamics. Via the AdS/CFT correspondence, these black holes map to generalized thermal ensembles of CFTs with higher spin symmetries, and where comparison is possible the black hole and CFT entropies are found to agree [21, 26] .
Despite this progress, some aspects of higher spin black holes are still unclear. First of all, a general formula which calculates the entropy of all higher spin black holes is not known. It is important to find an analog of the Wald formula [40] for the higher spin theory. Second, there are in fact a few different approaches to deriving the entropy of higher spin black holes, and the assumptions and results do not always agree [15, 22, 23, 28] . What is the relation between these different approaches? Finally, a gauge invariant understanding of the causal structure of higher spin black holes is unavailable in general [16, 20] .
One approach to black hole entropy in ordinary gravity is the conical deficit method [29, 30, 31, 32] . Recall that the entropy is obtained from the partition function as S(β) = − β ∂ ∂β − 1 log Z(β) .
Applied to black holes there are two possible of this formula. In general, the partition function is obtained from the action of the Euclidean black hole with time periodicity β. In the first interpretation one considers a smooth Euclidean metric at arbitrary β, evaluates the action, and then differentiates as above. To respect smoothness, the parameters of the black hole such as the mass must vary along with β. In the second interpretation, one keeps all parameters fixed while varying β. Changing β away from its preferred value thereby introduces a conical singularity at the horizon. Carefully evaluating the contribution of this singularity to the action and evaluating (1) one obtains an alternative expression for the entropy. It turns out that these two approaches yield the same answer for an arbitrary diffeomorphism theory of gravity, and in particular they coincide with the Wald entropy [29, 30, 31, 32] . One advantage of the conical singularity approach is that it makes it manifest that the entropy is associated with the local geometry at the horizon. Another interesting aspect is that it is closely linked to methods used in computing entanglement entropy. When we compute the entanglement entropy S A of region A in the time slice, we first introduce a deficit angle δ = 2π(1 − n) on ∂A which is the boundary of the region A. Then we evaluate the partition function Z n of the theory on the singular manifold with the deficit angle. Entanglement entropy is derived by taking the derivative of Z n [41] ,
Within the context of AdS/CFT the connection is even sharper, as eternal black holes can be regarded as pure states in a tensor product of two CFTs, and the entropy arises after tracing over one copy [37, 38, 39] . The concept of the regularity of a configuration in the 3d higher spin theories is correctly defined as triviality of the holonomy of the connection [15, 36] . This is a direct generalization of the regularity of the metric in the spin 2 case. Actually, at least for spin 3 black holes, the holonomy condition and the usual regularity condition are equivalent in the gauge where the metric of the black hole has an event horizon [16] .
Then we expect that we can derive a Wald like formula by evaluating the action of the higher spin black hole with a conical singularity. In this paper we generalize the conical singularity method to the Chern Simons gauge theory in 2+1 dimensions. A sketch of the procedure is as follows: starting from a black hole connection with trivial holonomy around the timelike cycle which satisfies the correct thermodynamical relation, we deform the period of the Euclidean time direction so that the holonomy around the cycle becomes slightly nontrivial. The non triviality of the holonomy indicates that the field strength of the corresponding connection has a delta function divergence along a non contractible cycle. We evaluate the Chern Simons action of the singular connection by appropriately regularizing the connection, following the approach of [32] in the metric formulation. We find the following general formula for the entropy of a stationary higher spin black hole,
Here A and A denote the two Chern-Simons gauge fields. The spacetime coordinates are x ± and the radial coordinate ρ. The formula for S is independent of ρ. As far as we are aware, this is the first paper which generalizes the conical singularity approach to the connection formalism of gravity.
To verify that this formula is physically sensible we show that it obeys the following first law variation
where W s denote the spin-s charges, and α s their conjugate thermodynamic potentials (and the same for the barred versions). Previously [15] , the black hole entropy was derived by assuming (4), and then integrating. Here we find that the solution to this problem is given by (3) . It follows immediately that (3) will reproduce previous results based on integrating the first law. This note is organized as follows. In section 2 we review the method to evaluate the Einstein-Hilbert action of a metric with conical singularity, and apply it to derive the entropy formula of black holes. In section 3 we adapt the procedure to the connection formalism. In section 4 we demonstrate that the resulting entropy formula satisfies the correct first law variation for an arbitrary higher spin black hole. This confirms that the entropy formula derived in this way correctly reproduces all previous results based on integrating this first law. Appendix A contains some computations related to the general stationary black hole.
Note: As this manuscript was being prepared the paper [33] appeared, which arrives at our entropy formula by a different route and shows that it obeys the first law. This paper also greatly clarifies the relation between the different approaches to computing the entropy of higher spin black holes.
2 Review of the derivation of the Wald formula via conical singularity
In this section, we review the derivation of the Wald formula by evaluating the gravitational action of a conical singularity. In subsection 2.1, we evaluate the Einstein-Hilbert action of a conical singularity in two dimensions by taking the limit of a regularized metric. Since a Euclidean black hole with deficit angle on the bifurcation surface looks like a direct product of a two dimensional cone and the bifurcation surface near the tip, we can use the result of 2.1 to evaluate the action of the singular black hole. We then discuss its relation to the Wald formula in subsection 2.2.
Evaluation of the action of a conical singularity in 2 dimension
In this section, we review the evaluation of the Einstein-Hilbert action of a metric with a conical singularity on a two dimensional manifold [29, 30, 31, 32] .
As an example, consider the metric:
Let us assume θ ∼ θ + 2πα, α = 1. The metric has a conical singularity at the tip when the period of the θ direction is not 2π. It is convenient to embed the cone into R 3 by the map:
so the cone is mapped to the surface
with metric ds 2 = e Φ(r) (dx 2 + dy 2 + dz 2 ), the pull back of which gives the metric (5) on the 2d plane. In this form, the singularity is manifest because Since the metric (5) has a conical singularity, the curvature of the metric contains a delta functional divergence at the tip in addition to the ordinary regular part, R ∼ R reg + (1 − α)δ(r). The coefficient in front of the delta function is attached so that for a regular α = 1 metric, only R reg appears in R.
To see this, we would like to evaluate the contribution of the singularity to the Einstein Hilbert action √ gR. Two steps are needed. First we construct a family of smooth metrics g µν (a), each labeled by a real positive number a, and demand that they approach to the original singular one in the limit a → 0. We call the family the "regularization" of the singular metric. One way to construct a regularization is by modifying the surface (6) by a function f (r, a) as
with the ambient metric ds 2 = e Φ(r) (dx 2 +dy 2 +dz 2 ) held fixed. We also assume f (r, 0) = r. For example, if we take
then the surface is replaced by a smooth hyperboloid when a = 0. For general f (r, a), the pull back of the metric on the 2D plane is modified as
We can see these metrics are regular at the tip r = 0. Second, we evaluate the Einstein Hilbert actions I(a) of the regularized metrics for general non zero a. Since these metrics are regular, we can safely evaluate I(a),
where ∆ is the Laplacian of the metric without conformal factor (depending on u(r)). The a → 0 limit correspond to the action of the original metric with a conical singularity.
Since the second term of the expression can be derived by directly substituting the metric (5) into the action, it describes the contribution from the regular part of the curvature to the action. However, there is an additional term. The first term in (12) is interpreted as the contribution of the conical singularity at the tip, because it vanishes when α = 1. The result show that the scalar curvature of the metric (5) is given by
as we expected. It is important to note that the contribution of the singularity to the action does not depend on the regularization function f (r, a) we use. This assures us that the value 4π(1 − α) is intrinsic to the conical singularity.
Relation to black hole entropy
We can generalize the result to higher dimensions if the manifold we consider is the direct product of a 2 dimensional cone C α = S 1 α × R and a smooth manifold Σ. In the case of the metric of the form
we are assuming θ ∼ θ + 2πα, α = 1. Demanding that the volume of the S 1 α × Σ located at r = r 0 is held fixed, the general regularization of the metric can be written
Note that only g rr is allowed to change. This turn out to be the correct regularization and from this one can compute various geometric invariants in the presence of the conical deficit. The results turn out to be equivalent to the statement that the Riemann tensor contains a delta functional singularity on Σ,
where δ Σ is delta function on Σ which satisfie
and n µ α = n µ 1 n α1 + n µ 2 n α2 , where n 1 , n 2 denotes the vector fields normal to Σ . Euclidean black holes with temperature different from the Hawking temperature are examples of these geometries. In this case Σ is the bifurcation surface of the black hole.
Suppose Z(β) is the quantum gravity partition function with fixed temperature β, evaluated semiclassically as
where I E denotes the Euclidean action. Then the entropy S(β) of the system is given by
Note that semiclassical metric depends on β because of regularity.
There is an alternative way of computing S(β),
This expression instructs to first evaluate the Euclidean action for the fixed metric g c (β) but with varying time periodicity αβ. Such geometries with α = 1 have conical singularities, and their action can be calculated by the method reviewed in the previous section. By substituting (16) into (20) one immediately obtains the Wald formula [31, 32] .
Note that if we divide the action into the regular part and the singular part,
sing , the former does not contribute to the entropy,
because I E reg is proportional α as we saw in (12).
Entropy of black holes via conical singularities in the Chern-Simons formulation
In this section we adapt the discussion of the previous section to the ChernSimons formulation. We focus on BTZ black holes for our explicit computations, but then propose that the resulting entropy formula holds in general. The validity of this proposal will be confirmed in the next section.
Entropy of the BTZ black hole
It is well known that 3d Einstein gravity with negative cosmological constant can be formulated in terms of Chern Simons theory with the gauge group SL(2, R)× SL(2, R),
with k = 1/4G. For definiteness, in this section we consider the 2×2 matrix representation for SL(2,R) (although the final formulas will not end up depending on that choice) with generators obeying
The connections are related to the vielbein e and spin connection ω as
and the metric is given by
The connections for the nonrotating BTZ black hole can be taken as
where the horizon is at r = 0 and e ρ+ = 2πL k , where L is proportional to the mass.
The metric of the black hole is
The value of the entropy of the black hole is obtained by the Bekenstein-Hawking formula
where β is the inverse Hawking temperature β = πe −ρ+ . We now show how to derive this by the conical singularity method. If we keep the connections fixed but identify the time coordinate as t ∼ = t + iαβ then we introduce a conical singularity in the metric for α = 1. This can be seen at the level of the connections by evaluating the holonomies around the imaginary time circle,
For a nonsingular metric we need the holonomies to be in the center of SL(2,R), which requires α to be an integer. Now we would like to evaluate I CS [A] for this connection. We proceed by regularizing the connection, evaluating its action, and then removing the regulator.
It is convenient to use a rescaled Euclidean time coordinate T , t = iαβT , so that the coordinate periodicity is fixed as T ∼ = T + 1 . In this coordinate the singular connection is written
and the corresponding singular metric is
There are various way to regularize the connection. For example, consider
where c is some constant. The connections (37) are regular provided u(0) = α. We also demand u(∞) = 1 so that we go back to the original one at the boundary. A ρ andĀ ρ are unchanged because we are working on the gauge where
Below we fix the value of c that appears in the connections so that the regularization is consistent with the regularization of the metric (15) . The metric components g T T (R) and g θθ (R) of these regularized connection near the tip r ∼ 0 look like
From these expressions one notices how the metric components change by the regularization. In particular, in the BTZ case,
We used the property of the BTZ connection at r = 0, namely, A t +Ā t = A θ −Ā θ . As in the metric case (15), we demand that the volume of the torus located at r = r 0 , r 0 << 1 be held fixed. In this case, c appearing in the regularization (37) has to be 1. Now that we have specified the regularization, we can compute the action I CS [A] of the singular configuration via regularization. As we are only interested in terms which are proportional to (1−α), we only have to calculate the TrA∧ dA term, since the A 3 term is proportional to α and vanishes in (20)
where I reg denotes the terms which are proportional to α. Similarly,
Since the Euclidean action is related to the Chern Simons actions via iI
, we derive the expression for the entropy of the BTZ black hole by using (20) ,
The result reproduces the Bekenstein Hawking formula (31).
This result can be generalized to the rotating BTZ black hole. In this case we have both an inverse temperature β and the angular velocity of the horizon Ω. These can be combined to form τ = iβ 2π (1 + Ω) and τ = − iβ 2π (1 − Ω). For the Euclidean black hole, τ plays the role of the modular parameter of the boundary torus. Repeating the above analysis for this case we find the result (see Appendix A)
which indeed yields the correct entropy of the rotating BTZ black hole. Although this result was derived for the BTZ black hole, since the formula does not make any specific reference to this solution we propose that it holds more generally. It is not obvious that this is a correct assumption. In particular, in the above argument we didn't consider all possible regularizations of the singular connection, and the argument for setting the constant c = 1 is not entirely compelling. Furthermore, the connection representing BTZ is not of the most general form. Fortunately, we can check that the result is correct by verifying that it obeys the correct first law variation. We carry this out in the next section.
Derivation from the first law
In the preceding section we have motivated a simple expression for the entropy of a higher spin black hole. In this section we wish to verify that the result is indeed correct, and can be applied to general higher spin black holes. Our main tool is the first law of thermodynamics: in the thermodynamic limit the entropy is defined to be the object whose variation satisfies the first law, and so if we can establish this property then we are done.
To keep the discussion as general as possible, we consider a theory with an infinite tower of higher spin charges, (W 2 , W 3 , . . .), where W s denotes a spin-s charge. Here we focus on just the "holomorphic" or "leftmoving" charges, but everything we say has an obvious parallel on the anti-holomorphic or rightmoving side. Each conserved charge has a corresponding conjugate potential, and we denote these as (α 2 , α 3 , . . .). We will interchangeably use a different notation for the spin-2 versions: W 2 ↔ L and α 2 ↔ τ , which are identified as the holomorphic stress tensor and modular parameter.
Following [15] we think in terms of an underlying partition function of the form
The right hand side has a precise meaning on the CFT side of the AdS/CFT correspondence, but here is just being used as a mnemonic for motivating the form of the first law. Namely, we have
Next, let us recall the general rules for constructing higher spin black holes, and identifying their charges and potentials. We work in the context of hs and in particular we write
Another useful fact is that
As is standard we write the connection as
with
Note that we are working in Euclidean signature. The component a z is taken to be in highest weight gauge [8] 
The constants c s are fixed by demanding that the charges W s obey the algebra of W ∞ [λ]. In particular, c 2 is fixed to be
Next we need to specify a z . To define a flat connection it has to commute with a z , which can be satisfied by taking a z to depend on powers of a z ,
where f s are coefficients. The s = 1 term is absent, since it can be removed by redefining the coordinates (z, z). Noting the property (V we can write
where . . . denote generators with small value of the lower mode index. Restoring the ρ dependence, the leading terms displayed above give the leading large ρ behavior. The coefficients f s are fixed by the holonomy conditions. The Euclidean black hole has coordinates identified as (z, z) ∼ = (z + 2π, z + 2π) ∼ = (z + 2πτ, z + 2πτ ). Assuming constant a, the holonomy around the τ cycle is
A smooth solution is obtained provided H lies in the center of the gauge group, which requires that ω has certain fixed eigenvalues. We can impose these conditions by requiring the Tr(ω n ), n = 2, 3, . . ., take fixed values; for instance, for black holes smoothly connected to BTZ, we demand that these traces coincide with their BTZ values. These equations are in one-to-one correspondence to the free parameters f s , and can be used to fix their values.
The constants f s are proportional to the potentials α s appearing in the first law. This was originally shown by a Ward identity analysis [15] . As will become clear momentarily, the relation is
so that we have
The holonomy relations can now be used to express the potentials α s in terms of the charges W s , or vice versa. Written in terms of the holonomy, the candidate entropy formula is
together with its anti-holomorphic partner. We now verify that this obeys the correct first law of thermodynamics. We have
However, it's easy to see that the second contribution vanishes. The condition that the traces of ω take fixed values implies that δω = [ω, X] for some X.
Using this, along with [a z , ω] = 0, which follows from the fact that ω is built out of powers of a z , we readily verify Tr(a z δω) = 0. The variation of a z is
Inserting this and taking the trace yields
as desired.
Without doing any computations, we can establish that our entropy formula will agree with the results obtained in [15, 17, 18, 19, 21] . This is because those computations were based on solving the holonomy conditions and then integrating the first law variation. Here we have shown that if the holonomy conditions are imposed then our entropy formula obeys the correct first law variation. Therefore, it must agree with previous results.
Let us make some further comments. In the original work [15] it appeared somewhat miraculous that that the first law variation could be consistently integrated; this required verifying the integrability constraints, which turned out to follow rather non-transparently from the holonomy condition. Our discussion here removes the mystery surrounding this procedure. In particular in (59) we see very explicitly that if the holonomy is not kept fixed then δS will acquire an additional unwanted term. This makes it clear that one should fix the holonomy in order to obtain the desired first law. Note also that any fixed holonomy will do, in terms of satisfying the first law.
Another notable point is that our derivation extends essentially automatically to to an arbitrary gauge group containing an SL(2,R) subgroup. Simply − 1) , . . . s − 1, where the i label takes into account the multiplicity of a given representation. Note though that in our discussion we took the index s to obey s > 2, which leaves out the singlet; including the s = 1 case is straightforward. For some gauge groups, such as SL(N,R) with N > 2, there are multiple inequivalent choices of SL(2,R) subgroups, and these lead to the existence of black holes with different asymptotics [16] . From the CFT point of view, these correspond to thermal states in CFT with different W-algebra symmetries. Since nowhere in our computation did we assume a particular SL(2,R) subgroup, it should be clear that our entropy formula applies to all such cases.
Conclusion
In this paper we obtained a formula that computes the entropy of a general stationary higher spin black hole in 2+1 dimensions. Although the notion of an event horizon is somewhat vague for black holes in higher spin theories, we do have a definite notion of a conical singularity in terms of holonomy. A Euclidean black hole with the period of the timelike cycle different from the inverse of the Hawking temperature is an example of a configuration with a conical singularity. Then the field strength of the configuration is delta function divergent at the singularity. It was recognized [29, 30, 31, 32] that only the contribution from the conical singularity to the action is necessary to reproduce the entropy of the black hole.
With this point of view, in this paper we developed a method to calculate the contribution of the conical singularity to the Chern Simons action, by carefully regularizing the connection. We used this result to compute the black hole entropy. An advantage of this method is that since only terms with radial derivatives in the action have a chance to produce a delta function like divergence, it is sufficient to evaluate the A ∧ dA term in the Chern Simons action. We don't need to care about other terms, such as boundary terms, which are required when evaluating the total free energy of the black hole. More precisely, since these terms are all proportional to α (deficit parameter), they vanish in (20) .
This statement is equally true in the metric formulation of Einstein gravity. When we evaluate the free energy of the asymptotically flat Schwarzchild black hole, the bulk Einstein-Hilbert action vanishes and we have to take into account the Gibbons-Hawking boundary term. On the other hand, when we compute the entropy of the black hole by the conical singularity method, we only have to evaluate the contribution of the conical singularity at the tip to the Einstein-Hilbert action. Since the entropy only depends on the local geometry of the horizon, it is efficient to use a computational scheme that makes this fact manifest.
It is useful to compare the general status of our entropy formula with that of the area law or Wald formula. A nice property of the latter is that they can be evaluated on any cross section of the horizon. Therefore, they make sense even when applied to non-stationary black holes, such as those that are absorbing infalling matter, although the physically correct formula for dynamical black hole entropy might need to include additional terms in order to guarantee its monotonicity in time. On the other hand, our formula depends explicitly on the parameter τ , which depends on the black hole temperature. Since the notion of temperature only makes sense in thermodynamic equilibrium, we don't expect to be able to apply our result to out of equilibrium black holes. An outstanding challenge is therefore to find an entropy formula which does make sense out of equilibrium.
Another feature that could be improved is that our formula only applies to black holes and not thermal AdS. If one blindly plugs in the gauge connection for thermal AdS into our entropy formula one finds a nonzero result, whereas the correct answer is of course zero. The area law or Wald entropy automatically assign zero entropy to thermal AdS, simply because there is no event horizon. The reason why this is inconvenient is the following. Given the entropy, the partition function is obtained via Legendre transformation as ln Z = S + 4π 2 i s α s W s . For BTZ black holes a very useful observation is that Euclidean BTZ and thermal AdS are related by a coordinate transformation that acts as a modular transformation on the boundary. The partition function is obtained from the Euclidean action and so is invariant under coordinate transformations, and this makes modular invariance of the partition function manifest. Among other things, this provides a very convenient way of computing the partition function and entropy of BTZ. This strategy fails when applied to our formalism, because our entropy formula, and hence the partition function derived from it, only applies to black holes and not thermal AdS. Thus we cannot use it to establish the modular properties of the partition function, which would be very useful in order to make direct contact with the CFT.
The connection of the black hole is given by
with L =L. The event horizon is located at
The entropy of the black hole is given by
In the corresponding Euclidean configuration, the modular parameter τ of the boundary torus contains non vanishing real part,
where Ω is the complex angular velocity. Since lines Θ = θ − Ωt = const are contractible cycles, it is convenient to write the connection as
We introduced a rescaled Euclidean time coordinate T which satisfies t = iβT and T ∼ = T + 1. The holonomy around the contractible cycle is derived by integrating the connection along the line Θ = 0. When (65) is satisfied the holonomy lies in the center of the gauge group. Suppose we replace β → αβ appearing in the connection and vary α away from 1 while the relation T ∼ T + 1 is kept fixed. Then the connection develops a conical singularity and the holonomy becomes nontrivial. To evaluate the action, we have to regularize the connections. It turns out that the connections
are the right regularization because they do not change the volume of the torus located at ρ, ρ − ρ + << 1 for the rotating BTZ black hole. By evaluating the A∧dA term and taking the derivative in terms of α, we get the final expression,
It is straightforward to verify that this yields agreement with (64).
